Introduction
A significant problem in computer vision [1] and object recognition [2] is that of suitable curve parameterization and calculations for points with local maximum curvature [3] . Explicit form of the function y = f (x) or implicit representation of the curve f (x, y) = 0 are not always good enough for image analysis. Parameterization of the curve [4] is a better way to compute feature points of the object. This paper is dealing with the novel MHR method of curve interpolation and parameterization by using a family of Hurwitz-Radon matrices.
Curve is parameterized for each pair of successive interpolation nodes. Curve points (x(α), y(α)) are computed for α ∈ [0; 1] between nodes (x i , y i ) = (x(1), y(1)) and (x i+1 , y i+1 ) = (x(0), y(0)). Appropriate parameterization leads to possibility of curvature calculation C(α):
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Points with local maximum curvature are fixed with condition C(α) = 0 and checking the monotonicity of C(α).
Proposed method of Hurwitz-Radon Matrices (MHR)
is used in curve parameterization and then calculations for local maximum curvature are described. So suitable curve parameterization and precise reconstruction of the curve [5] is a key factor in many applications [6] of manufacturing [7] , image analysis, object recognition and computer vision [8] . 
Curve Interpolation
The curve is described by the set of nodes (x i , y i ) ∈ R 2 (characteristic points) as follows in proposed method:
1. nodes (interpolation points) are settled at local extrema (maximum or minimum) of one of coordinates and at least one point between two successive local extrema;
3. one curve is represented by at least five nodes.
Condition 1 is done for the most appropriate description of a curve. Condition 2 according to a graph of function means that coordinates x i represent the time for example.
Condition 3 results from the number 2N + 1 for matrices
The following question is important in mathematics and computer sciences: is it possible to find a method of curve interpolation [9] and parameterization without building the interpolation polynomials or Bézier curves, 
For N = 4 there are three HR matrices with integer entries:
For N = 8 we have seven HR matrices with elements 0, ±1. So far HR matrices are applied in electronics [13] :
in Space-Time Block Coding (STBC) and orthogonal design [14] , also in signal processing [15] and Hamiltonian Neural Nets [16] . If one curve is described by a set of points 
where [17] similarly as (1) or (2):
where 
The components of the vector u = (u 0 , u 1 , . . . , u 7 ) T , appearing in the matrix M (3), are defined by (4) in the similar way to (1)-(2) but in terms of the coordinates of the above 8 nodes. Note that OHR operators M (1)- (3) satisfy the condition of interpolation
If one curve is described by a set of nodes {(x i , y i ), i = 1, 2, . . . , n} monotonic in coordinates y i , then HR matrices combined with the identity matrix I N are used to build the orthogonal and discrete reverse Hurwitz -Radon (1)- (3) is 52 D. Jakóbczak described as:
where matrix D consists of elements 0 (diagonal) and u 1 , . . . , u N −1 , then reverse OHR M −1 is given by:
Note that reverse OHR operator (6) satisfies the condition of interpolation
MHR Method and Curve Parameterization
Key questions look as follows: how can we compute coordinates of points settled between the interpolation nodes [18] and how the curve is parameterized? The answers are connected with novel MHR method [19] . On a segment of a line every number "c" situated between "a" and "b" is described by a linear (convex) combination
When the nodes are monotonic in coordinates x i , the average OHR operator M 2 of dimension N = 2, 4 or 8 is constructed as follows:
with the operator M 0 built (1)- (3) by "odd" nodes (x 1 = a, y 1 ), (x 3 , y 3 ), . . . , (x 2N −1 , y 2N −1 ) and M 1 built (1)- (3) by "even" nodes (x 2 = b, y 2 ), (x 4 , y 4 ), . . . , ( x 2N , y 2N ).
Having the operator M 2 for coordinates x i < x i+1 it is possible to reconstruct the second coordinates of points (x, y) in terms of the vector C defined with
as C = [c 1 , c 2 , . . . , c N ] T . The required formula is similar to (5):
in which components of vector Y (C) give the second coordinate of the points (x, y) corresponding to the first coordinate, given in terms of components of the vector C.
On the other hand, having the operator M −1 2 for coordinates y i < y i+1 it is possible to reconstruct the first coordinates of points (x, y): 
Parameterization for curve points (x(α), y(α)) situated between nodes (x 1 , y 1 ) and (x 2 , y 2 ), calculated with OHR operators of dimension N = 2, is done by formulas:
Parameterization for curve points situated between each pair of successive nodes (x i , y i ) and (x i+1 , y i+1 ) looks similarly as (13)- (14).
Curvature
Formula of curvature (0) consists of elements by parameterization (13)- (14):
Curvature looks as follows:
Condition for local maximum curvature C (α) = 0 is fulfilled with α = y 2 − 0.5r
Here are the examples of curvature calculations: Parameterization of the curve (13)- (14), curvature (18) and local maximum curvature for parameter α (19) are possible to be applied via MHR method.
Conclusions
The method of Hurwitz-Radon Matrices leads to curve interpolation and parameterization depending on the number and location of nodes. No characteristic features of 54 D. Jakóbczak
curve are important in MHR method: failing to be differentiable at any point, the Runge's phenomenon or differences from the shape of polynomials [21] . These fea- smaller computational costs then using all nodes; MHR is not an affine interpolation [22] .
Future works are connected with: parameterization and curvature using 8 or 16 nodes, possibility to apply MHR method to three-dimensional curves (3D data), object recognition [23] and MHR version for equidistance nodes.
